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1. Let P, @ and R be three statements. By constructing truth tables, show that

(a) PV(QAR)=(PVQ)A(PVR);
(b) P=Q=(-Q) = (=P).

Ans:
(a)
PlQlR[QAR][PVQAR | PVvQ|PVR]|(PVQ)APVR)
T|T|T T T T T T
T|T]|F F T T T T
T|F | T F T T T T
T|F|F F T T T T
F|T|T T T T T T
F|T]|F F F T F F
F|F|T F F F T F
F|F|F F F F F F
From the fifth column and the last column, we have PV (Q AR) = (PVQ)A(PV R)
(b)
PlQ|P=Q|-Q | P | (-Q) = (-P)
T| T T F F T
T|F F T F F
F|T T F T T
F|F T T T T

From the third column and the last column, we have P — Q = (-Q) — (—P).
2. Let AC R and let f: A — R be a function.

(a) f is said to be a positive function if

o forallx € A, f(x) > 0.
(b) f is said to be bounded above if

o there exists M € R such that for all x € A, f(z) < M.
(¢) lim f(z)=4o0if

r—r+00

e for all M > 0, there exists N € R such that for all z > N, f(z) > M.

Write down the negation of the above definitions.

Ans:

(a) f is not a positive function if there exists 2 € A such that f(x) <0.
Bz € A)(f(z) <0)
(b) f is not bounded above if for all M € R, there exists € A such that f(xz) > M.
(VM eR)(Fx € A)(f(x) > M)
(c) $Briloo (x) # +oo if there exists M > 0 such that for all N € R there exists « > N such that
f(z) < M.
(3M > 0)(YN e R)(Fz > N)(f(z) < M)



3. Prove that the sum of a rational number and an irrational number is an irrational number.
Ans:

Suppose the contrary, i.e. there exists a rational number x and an irrational number y such that the sum

z 1s a rational number.

We let z = m and z = E where m, n, p, q are integers and n,q # 0. Then,
n

rt+y = =z
m
miy, = P
n q
p m
y = - ==
q n
_ np—-mg
= m

Since m,n,p, q are integers, np — mq and gn are integers. It means y is a rational number, which is a

contradiction.

Therefore, the sum of a rational number and an irrational number is an irrational number.
4. Define a relation ~ on Z such that a ~ b if and only if b — a is divisible by 7.
(a
(b
(c
(d) Evaluate [9] H [11], where [9], [11] € Z~.

Show that ~ defines an equivalence relation.
Show that the addition + on Z induces an addition B on Z; = Z/ ~.
Show that the addition H on Z- is associative.

)
)
)
)

Ans:

(a) i (Reflexive) Let a € Z. Then, a — a = 0 which is divisible by 7 and so a ~ a.
ii. (Symmetric) Let a,b € Z such that a ~ b.
Then b — a is divisible by 7, i.e. b —a = 7M for some integer M.
We have a —b = —7TM = 7(—M), where —M is an integer. Therefore, a — b is divisible by 7 and
so b~ a.
iii. (Transitive) Let a,b, ¢ € Z such that a ~ b and b ~ c.
Then b — a and ¢ — b are divisible by 7, i.e. b—a =7M and ¢ —b = 7N for some integers M, N.
We have c —a = (¢ —b) + (b—a) =7(M + N), where M + N is an integer. Therefore, ¢ — a is
divisible by 7 and so ¢ ~ a.
Therefore, ~ is an equivalence relation on Z.
(b) Let a,b,a’,V € Z such that a ~ a’ and b ~ b'.
Then @’ —a and & — b are divisible by 7, @’ —a = 7M and V' — b = 7N for some integers M, N.
We have (a' +bV') — (a+b) = (¢’ —a) + (V) —b) = 7(M + N), where M + N is an integer. Therefore,
(' +b') — (a+0) is divisible by 7 and so (a +b) ~ (a’ + V).
Therefore, the addition + on Z induces an addition B on Z7; = Z/ ~.
(¢) Let [al, [b], [c] € Z7, where a,b,c € Z. Then,

([a] BB [b]) B [¢] a+ 0B

(a+b)+ ¢

a] B [b+d]
o) B ([8) 8 [c))

Therefore, the addition B on Z; is associative.

(d) [9]H [11] =[9 + 11] = [20] = [6] (Alternative method: [9] B [11] = [2] B [4] = [2 + 4] = [6])

[
[
= [a+ (b+c)] (associative law of 4+ on Z)
[
[



